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by :i.:t itp t.C C raici 'm. :n:.irovat:i cis rs

d cii agnostl i s :: measu.res whose va lue.;s es;- i Le 1; he St atL e ,

e'rierCgy, cr' ci d:i. st ''.i. Lt.:i oin i:f a :r'ope¥'t y of an[i cLios'erecd

syst em.

earth or i erited system onle whose nat ural. c::oord:i. nat es are

cdes i. g-nat ed w i. :; h r es:pect:'; to E:1F:ar t h ". :i.n Lat :i. tl d. C on:i.-

'1;tude,, arid::] dcepth o' pressu.r' e

g ]. oba cI lesc:;r :i. pt;in ci.oi:t i.'' cl o F ; he s't at; e c:: a ys's; em o:r

t he 'a]I.ute o .f o'rie Cis:f its var :i.aL::)l.es at each poiit:1.ri; of i ts

,::c:] m a :i. n II

minrli mum v'ar:iance es'timat i on: tihe delt;e'r:m : ail; :1. ol cF a ufrct :[. on

or p:: a r amc. e; or v a 1 ue s for a ci esis :; g;'ia l eeci Fi riot. fl ::1: C: o f

st o;:: C has't i i. c var' i a: es. * wh i. h i..a'r enrit eei I; tshav i. rl 1 'east

st at ist i. c: a i. c: aT :i. a' i:se amo circg a : 1 tft .urCt .i. o is (::.Yr set s o:) 

pa rfamse'; s ,

spat :i a 1 coherernce : the ccnt; :in. i :ity of va. u.es o:f vaT :. ait:L. es

suc:h as-: temp::er atur e, sal i. r it y .or :wi ncl ve. loc; it y I .n a

spat i. ali l]. y c;o'iri, : r*.ru ou.. s eri.v :i.rTomeru';.

urnb:i assed: tt';he prciperV'y of sar es t:[mate Fo:r a var':i. aL::e sor

Fa')r ameteor , c, F hav :i nrg t he same st at i. sit :l ca L. mearn va L ue



SPAT I AI... 1. EC I Yl: ANAILYSc; S i1s a bocly of techniques of applied

mathemat;ic;s whic, h have been cdevel]oped tlo provide cgio.al

;J.desL. r i:. p.JtionLs of spatia]. ly coherent; var:i.ables, w:ith data from

observi ng arrays whi. ohic are sp:'ar ce andc gener ally irtnhomogeneoUts.

' .'.us., i..in t he spec:. :1I F:i. oc, a pai a:3..b.jot:: enl. :i.:);) ::tv e a a a t':ensor

est:;i.mat.;e of lthe st;at;e of a. sys:t;e.m at ea::;h ).'lnt; of t'he cidoma:i.nr o'F

.'t:er'e.est wth:i.:.h has bt:een cyons;'l;'.lo;ted Fr:"om a. set; of i' r eu gular.y

spFacecd ob.s.er.vat; :i. ns ''he or "jel'; i.rve." i.rer. : i. den' : i. e,1. vt ne

c:C)onsrls -ur.c-t i. on as t .1:; he :u c.ol:;me o' f a.pp 1 y' i. rig a mat; the:ma.n ':i. aa t a t gotr i. 't hm,

i :i. t :i. n't .on' t; o a 3 ub 1 ,j.;t:i" c o n.:e:'cnt; r uo tio n w, h.i. ch acim i. t s t; he

i nf :t uence of i nd li :v. du.a l. sc .ient ificf i. ritll ui ti on.

I .I nt rodluct ion

-I st)r :i. ca ]. 1 y, t he t echn:i. cues c)f spa ti. a L o)bje tive a.na yss :i.s hav:e

been d>e 1 o:.ped as des:,r; i. p:t; yi. e and. t d i ain.orst:-.e a; i c'. ic; e,:in iJ. ques of:

s :c:i.oenc.'e, beg .i :i.rnsl wi't; h 1K.. F j.. ,,a ss p :i.Cne:r i n o'rk :i.c. ri .k .i.n st; rc rncomy

anl e:: xxterndecd by wpoeop.o wh"o r-e now di.et :i. rigLi. she, d., as founders oF

t he cd:i S so:i. i. n r of mat hemat :i. oa t s; at :i. st :i o ,. ar ea .s o-F f so :i. ent; :i. F ic

endeav::)r i:n wvhicoh sp,:at ial objcoct:ilve anal.ysi:s is cur;errl'tl.y u.sed

:i. nc ]. l.:lde ; c- o ].c. y atl; mop:) her :Y c. anc: oc):ean sc i ertnce.es ariJ

env:ironmerit;a]. studies.. The re'.a.lye;:i.ve io at;:ion oF resea.arch in

;he:.e c :i f:'F e re Y i nt F:i.e :l c s ha eas ] d to '; he: as r :i..men't :f o' crecl:i t;. s :; co a

,s>[ep;ct'rum c)F sc;:ieritists., eac:h r: F whol)m haci the acum.menr to at. pp'rec::ate

t;he :i. mpoort an fce cF -;hese t; e hr :. ue and a :i. ec:t t hem w:i.l; h :i. ;r he:ir

o:.wn 'F :i. e L :: i -].it; h )outl s n.l:; i rg r eu .l.; s :'3rom i. PFrrl:: con t h i...s r-oster;f

are (,, Mathe'o I 't y h.... c ' .. Ga'rii:i. r, and 1R E.. Kal.ma'n.

.



Sc rt; i F ic: st uliy oC f L ar ge sca e, ear t h-or i. ente sste ms ' : ees

c:apab iil; ii fs for clronst r uct:in glal 1 esci pt i ons w :i t h

al. goir i. t; hms b::u il .t from assumpti. on abtout spa 'ia. int er'-

r'el1atio:.nsh:i ps otf their c:omponeint va. iab .es. The.ssne equi.r'ements

must :,conYfr-cnt the .c: e f..e f.actoi corfigur'at;ion oF LourY- habitat , whic:.h

p¥' ecl:. udcies s>patial ly> un':i Form dcata cc:veage n fat', actual

observa.to1. i cns 1 loba L scalte p:ihernomena, i in clucling uir thos.e of remote

sersrig t ec hnol 1 i gy may p Y ti. io. ' foYmat: i l l. i. t ch i s hi J h li. y ncn-

un i form in cover age Ncnet helesese cliba 1 c'ie sc:r i pt I io rns of

sp::1at ia l.:l.y cimenrs io:ri edi states of t he system, whlich accuratel.y

'r' e f c. s-t its proper.ties and i nt; e eL at ionshis h of its omp:onern t

parts., must ble cirst'r'uctec..

Ttthe 1;echnr7iques develoe t::iec :tci meet these recui¥'ements may be

c .1 assi:. f ci by tthe ohara ct er:i.st i s C: f- the i FfoY mat'ion avail.at::ble t;

des.r .- be t he system under' studiy T. Ihere are two lear c::l. i. S i sions:

Onrie p::Yesumes no: h:i. sto:r'y c:f fi.nor'mat:i onri oF wh i.h arn exampl e wou ldAc

be an iso.dlat edi, gelog.ical Fi..i stly u:'prodciugiri a sinrgle "'snap

shot o tJf cibser'vat; :i ones ate selecAtec:d l ocat ionis FC:r a syst em w[i coh

i.s pr'Yesumed relativey Fixc in time The" otheY assumes+ an

accumul at 'c:i r ec:r' o: : f cbse vat i. ons , on a ti. me evo: ut i onnar y

system foir whi c h; the s.;at:i:.sti.al relati.orI;hips' amcincg 5 tate e of

the system at sepa')rate lociations remain the same throughciut the

r ec;cr, ..
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I I. The Fundlamenrt;al, Problem

i spat;ial obJ.objec::ive analysis algctrit;hm is a fc.rnmulta for p'rcovidirig

e'--st i. mate; cs o f t he values o f: a spat i. a l. . .ee lar :i. abi L. e ., wer e

eac h est':i. mate is fonS t YJ;ed fIro.Bm a s.et; o.F f: 'ox i. mal :)oser Vat;.ins

.[ 'f:: obs e"r va li. o 'is recor ded t rue va ] ues perfec: l:y: :[ y henr the objec:l: :i. ve

m i. .gh: ht::e t o fit t hem per Fect; y : 1, wi t h a sul.lfac:ii;.e W hos.e i . t e'med :i al; e

va l:S .w o]cil pr ov id ce es lt i mate -s o' F t: he var i able ever ywhere e.se..

IWJe kn.:w ' t he pr em i :e :i. s :ncorect; ..A 1: so, we general.].y assume tl;hat

the s g:i.f'na I co:.:mF::rcllnhnt ; of 'the I'.e.l tJI seek lc: eset;:i.mate :i 'f ers

f:'r o:m the Il;r'.e value at a g:i. vern :i.nstl;aril; art i :i rrl; lc:int cat ion.

S; :i nc::,e t; he c: i. s.t :i nct'l; i : o bet..: w reni t he s i. g.iLa .c:m p,'ey of the

var iab 1:le at a sp.ec i. F :i. c . oc;at .on anc i. ns'ant f time aridt; o ;i m -a t he

va.i.L...ie. oFl a.-n` : ob::)?.s:.er vat:l; .cn at t.:; hat same I oc:atl;:on arnid : ist;arl; is

bas :i. c:. .I;.) t he t heor y Fr om w, h :i. c h al.: s pat ;:i. a . iob ,j ect i ve arila 1.. ye :i.s

a]:. go :i.1;t hms.- are .der :i. ved.: d, we cos: i. de t h is 'F:i. r s't: , h-e si:c.ia..l

cm nnith..ea..; Vl.:.::e o:)ne wi::tu, l d1 i ke t; o krncow anid wJh:. ch t; he

essl.;:im atle :i. s Co riS'';¥r L1C:'F;e] 't; o a PP:.,r'ox.:it. mIa't'e a: ; I..i s rico l;he same. as

t;he va:Lue f:if an obs.r: t. ::mn were¥ .tl pcss :b.e is. ca o::a:i ta I r:)re;

L::ec;au.se a'n o .se.ratf;:i. on :i. s a ccmpcis:i.L:; cifF t he '::. true val..ie, errY'ors

Cdue tC) t.: he :i mp[c E.o:.ns.c' o .sensors-:'.s anf'd recordl:.ers and m:i. stakes

madce :i.n tr he t; ranismi.ss:i. i o fl in for mal; ion:.. 1:::'uY ; her mcoYe, l he :: r ue

val.use at a specfi.f i lcoat :i. on arincd i'tnstanl; o :f t:ime general.].y

r eFL] ec'l s m:i.c:r osc.:::a .e Var :i. ab :L 1:i. t y whcise .i.nf:l. uec:e i. rscie;r:cle:d as:

obs,.'..' .u 'ri.ri 1;t he s :i. gnra ]. t,,c:x' :. ri.gay .'t: he s iL gnal. acomp:onlent; has a

t heo et: i ca d :eF :i n :i. t; :i.orl as .t ,he aer a ci .e of: i t he true v. acv ... ue- ver a

Ioc:.ali ze d rTe¢l. or anlda t.:ime :i:rt:er.va]L. The tcints':n;'ru cLl;(:iion c'f an



al]. .or :i. t hm FoY l-slst; :L mat : .ih:i t : h ,k: i rgnt o acctIau.r't; t; hesoe

unwanted no :: i ,is'y C:n),s('t:[tIfe'l;5 ,)f t;i h .n)t)s ob ;eYr vatic : ons,-; s:) t hat; :i. ; t :i. il].

ac t as a f:l .t er tco s.:eparate : si. nal1 frc:m noi::).s.e, as we.:.ll: as an

i. nt er po. 1 at ter

"I'he ,::se'en.:: :i. n ,-afr::,ac,:: e ancd : i.n t;ime ,. wh :i.c his.. as.su.mead b:/ t he t hec:ry

oF c:) ojeclt i. ve anal:.ys. :i.s e.j.:utv]aleri. t t.a 'lt e matlhemat'1ca:i.:l c'::n':;eF't

cF cl:ro' :i.'tr..t/ ;rof f. . hcns h.s 1; ] "e goa o f oe-ijec:'.1::i. e ana L ysi,:.:

i. s the cr eati :i a spa I a 1 1f 'a spati :l. .L ::Jnti. s ru est; i.mat or of::F a fi li.e ] i

var i able., wh ic. h. may be evali uatecl at ant1y ]oc:at; i.on -. of effec;t ;i. vety

:i. n t e p.o 1 a. t; :-i n c: nly the ss i ..gna 1 c;c m ::r.' nents c:o n f a t he ch bse ora t : kio ns

;a:,i. n; :i t :i.l. .taf :1i.t; :i is r easc:nable t c to assume t hat: no ise. so :

i ndoepoendonerrt F s:i jna 1 :1L nir he ho:,bso'rva't: :i.,orns , rin t he s-rse ': hat e

magnr:i.t: ..l(:e or s't: roenlt h :f' t; he s i. rnial. c:lC:oes n ot; anffVec;' t ' t h expec;(t;ee

1ee]. of n(:i. F-e. ' t-h.i. sh may be re:'reSe's.eo t oas oS:.timat;:ng the hois .gna.

c:c.mponoen't;.6 (. s" :,p,t) Froy:m a set of obsorved va].,Le..s wh:i.t -h ar e

"s i gna I p)1 us ri.o i.se

Z(;%', ~PIt) PI {>} i) t > opo,

"Ih i. nc:i-ex i nC1 pamtarmet: er s dencot; e ea.r tF h -cYr : ed.l c:cicr ci i. nat e: s

Y es::p.t' ; :i. tv: .1e ]. L':r i. t;jn:iltde 1al; atludie . [:pr SSlr ,:: .: .e'l: h , aiicd t J. me

CA', ,,, Y ep':. renrsrt; he t :ot; a. :i. n]F :1. enc;e :f smaIll : sc;aa. e

va'r ia1I.:L:'l ty wil:F:"h :i.s 1': ns ) . i.rnte¥'e,,r:tst t:ogether rwith i.nst¥umermn'ti andc

t r ansmi. s:.::. on syste- eoorr ars. co: L].ec;t; i. ve L. y 're f erc od c, as "no :i. s.e;"

13ecau.se f ; he hoi rt 'r ac:t ab:L 1 :i. t; y. arna ] y.:.r:is al. g(':ri. t hms ar e geneYrl ally

t:asca:-:d c:n the assuimF:)t; i.con 1t;hat; s,1 . rta]. anci nio i.so-. ar e :. i.noerpe nirent; .

:;c:o:r ct :i.i nl ]. y mc:.Stl; o f : h : s a; i .S ]. e W i. L 1. dea 1 : w i t; h t' h s f':cr mu 1 a't; :i on ..
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A mcara ger.e'a] ex=:Y¥ess:i i:: r for t;he valutie :f an absr'vrati:.n of a

F ield va.:ilab].l . is a. . i . J.a i:al m !:r:..pL. I ::resent at :i.n . Ta c-ar¥' all

ni. ri . (::es i. n a :r i e f n t; al i on we CC:: e ::;t i ve y e. it a cI i st:; i nict

array."s oF' sp[nace/ '. ma o:J'roots [::y S and s.'':*+& .. fhe F"'YmL.la't; i.or :C)F

i; he a man F' :i..1 i; er assumes that t:he i.t ruie vale 1:: e i e .i(cl

vwari ab l.e at; any ]. ocat;:i. an/' i me may b:e wr ri;t; ten as a cam[::pus i:te fa: cf

i; det erm n:i nil: sti c evc 1 lut :i an and a sta:.::chastl: i c nnavati::n.:

Xt, = IS° XS + WJs ;

anld t lhat a. reCc:YCrYiedd b:1e¥'v vat :in is a 1.inear :;comt:bi nat:i.cn a :: f 1: he

truI.le Y.vta l.e andl nf 'l se. flrm sen.insin transm :i t ; ir1g an::l r:cor df::i ing

c:i.v i (:::::

+-u -

I le' c:c iilenc:'t eas L the a 1 :lO C: i. ti; hm f'= 'f: li£e c:iet er m i. :s.; i. c; Cc.mFc)C .rl;it.

f Fl the r;haiD:le hai n X Ifr' rem C:ne ] .:ca;a iatIme tc) an i )therl \,

dclfnet c:: :,s I; he stl:; c;has';:h. st:;. ccm:onent I ' : lie ie 'v..l[ :i Fan ft::' f; he l rLie

fi. e d artic V .-.rao .e:s 1 he a::;]..I aL l va :i. mpa t tf -::t he nC:] i.se

e]. emenit l s.. 'l" he Ntal [man F!.ilter i.s c.:::i';.'i c : Fmp , .a pfr eidc;'i. C rn f aom ' he,

pr' Cx :i ma ]/p¥r ev i os et; :i mat ea, mad : :i. ec: b::y i: he wIe.g ht eCi ci :i. scr epancy..>

:betl; ween what :i s c.,bsr v..eci anrci red: i c;t ed::

Xs qx0 Xs-A L taXs
A ma e hI,-Yec-

.~tt iS t Xt | < t+ ( ° ) -..'. c "n"
C:] s:liet Inct lI.n a i. 5 ma cie here balt wean l; he 'hruei syst; am apa:1fr at:civl C:]'SF'

tr ha sublject var itable, o tanc ha "rneiml2iel system par ratC:lr" us, ed

tic:' grenierat;e 1a : .].i.a ]o i: .. an a ]. y t; hre. t-r.e ci a er a rat; --r':- w:.I. 

nic:]t bte knorwn p r' ec:: p i .se I yl arlid assul.Lm i. nri tI hat; t hey g .y. t -he same w i l i

].eacli::he;I) errcinaciu~s L :Iedlilct Ic:ir. fr..m a tar mu.1i. ait::.i.n tphat iu' as
'f'ad't: [:erne kJIO ....:. ..-'.: ::: , a .- : ,,.., ..........



t hem K :aai. s I.: _. ad t matma 'r i L .. of I. he f :j. t; er

art w,.e. r c)te t ha't t h r. : :1 n i. es u.Sed in 1; he 'C'1rmu 1 a l:; io .cut i r:i icat1 .i Iit S.

t; i. m. an:d .p-:nac::-i. .e.ncK:*nc!:e rl ac:l:c :i. t; i. c:.r t: 't ho.s:e of he ss/.9.-st em

op'r a't :c",or:. he ae nera. I. I1t;y f t h:Ls rere:.sentatILon Fo':r a spat:la].

o t:'.' aec .': :vL;a ana .ys i. s i. s mat: haemaL cta :. Ly :. mpr ass -'I. v 'a wa 'r:- i"t

i.mpr.::i. c:a :. i to. app I. 1 : t he a.nal tys is oF mc:st:; ph ." :i :::a s 'yst ems

hac:a.ui.sea tti he compo:e;r'nt ,s aae t o::. i mpa c:: ; ; t; .y krlnown'r

N :i. 1 h i n h pr esent fr amewor k, an op:t?..i ma]..a..L..,::mo..m rs..!.::! l8 onae 'F:or

w. h :i. c h the aver. age s:luar ea:: eDar t ur e: o: vai. .ies o:F ihaea t it.mate t

pYr'."u..lu,:as,:. fro'm t.e ha'cerspondX:i. ng I .i.:rna]. va:l. uas . i.as a.t.:l. evs'; amonci

a :, c:,:s] SL: e a l. .or i 't hms.. Yi.: ncL o t he S- i -gria. 1 i.s a c:carp: :. 't uia] 

ciuqan.t ant. ty> h ic c hi. canncr)t n :1 haobservecd a, the ha era a. age i.Ss t he

t' a.t :i '. i c;a 1lmea. m' s:.arY ac cciapar t ur a aridcl oRp:ti. ma L. ob j"ect i vJe

ana I ys-, i. ss i. s m :i vri ._rL .e_..'.imat-.3. i n t: hae c: ] ass :i c:th st a t . .st.

ic. cal. Se:.nse. Whet hear or riot the. m:iri. mum c(::aren Lbe-Ua. .uaerr.TaeedJ dep,,aiCncls

ocin W tet her C f not he mu. t1 :i var i tt e a s t at .s tt ; r a c ht i o F

t he F:i.eL.dci va.:ri. ab.t ecr c F itS. s'::.:mert; ''"tfr.om sc:me krnow.n hac:kgrc).ru:lnc

F :1e] .d , c:an t:)e sWec::-. F :i a When t he mu. .e tti';La'r , i t 'ati:-.st i ca.

d :i . r i.t h' u :L bt : : ) r'c::ae ::::: i p ' i ecad , t ihe op11t i. ma :. east ' i.mat; Cfo f:or arny

Sp:ec; i. f :ed l oc:at :i on i.s un 1 quae ancd L. 1t i as 't;he coricl:i t ; ri ona ] mean

va]l.ti.e o :F the vatri ah::Lea at that 1:c:ati .cm. w:'ith res'.-e:t ' ;:ttc) .. :it):lt

Cd i. St r .h i .ut :i. C) 3 :i. i' h t he va u. uess at a L. ] i he Co.C:a ' i ct ,)ns atl; , h i. ::h i t i. s

ohsa::3^l:7ervseci We reFer co th as the ul ti u Imate oh Li, -1ac-t i y e an rIa 1. Yi5 sob,~:~e¥'ve~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~d ~~~... .....'e¥ ~ t hL~' a~:~':h ..........' . .'...:-? ....................... _.'..2?.?.:...:iL~ .-...: .'...-. ...I:.:..:.......-..

fand res:erve the hie darIn ie t :i. on t icm .itmt a :3j.. O] a. yr .hat i.tsa. n d ~'e.~.:~e ',"v (:..'.; th e e f~i~n:Lt;:i. o r~ !..:..~.[.:.~:L.~!`..m....~.~.!~...!:....... .... !..... ........... ................ .... .......... .. .. ........'.........':.:.,. :

pirac::t ic:aL in t:rms C: )F o.ur kno:w e )dge c:)'F a:t a't iL : t i c:al prc'pe¥r t laes c)F

: he F :iL a.:-i v aY. :i. a ] .e



'Thle, nos'l'; gerrte~ way of .....e.:.-.es:en:.n t:he L,.ti.m..e1 ho m not g or~~~~~~~o c4. a I.. va' cif '' pr .~''ft;:. r'ri '[' he u. ]. ': i. ma't; ao h .io[:] j .:;'1; 1 v'.-

anal 1 y:o i. value . at a poc:)'i rutn..xe by 0, w h i. c.h :is w co''uct i. t h

oc::sue'w-at.';:i. cirs 'Firf-om m locoat:i.cir:s .1. m, ::i. e i t';eor'ms oF t:h"e

c0. mu.l ]. at : ie c :. t' i cbu't; i oin Furl t : i ci for ' p-:' c Ci t:i. orie ci )ri 1; ihe

c)ob,:se'rFveci val ues oF i1.'to m c::cvaria'l ;e.i,: at naimeL y

i 30 1 , . -, n) 704 So' 30 ven +'e vo~luez 0p 2 i 

I. :i. 1t h 1;h e :i.: 'n: t he corc t 1.i crna1 mean is.. 

+ 00

TE 0 1i z- - ) I J o dvn f d F 5,1

ancri 'th : :n hi ::)a e shtrciir l; o pi roi c.:ie; t he ui. r.u e m i im LIm c :f

E{ [o % - ]2
fo r aL I. pi oss i. I uni: io . o ins. ci)f the s; cif c:o..).' ::-)'seY[a i.rons .

HI:)weLve r :i.* c; L ea :. y d.eCil e c:ir n knw: i n.: rt L :e Fam :i:. y x of mu 1 'Li :var :i. a't e

ci .s t rY i L. u.; i. c fl uir c;ti i On.-:,

9(30,X,, --) %M) rn _fL7s0,, , 4
f 'Y c)m wL h i.. ch a. l :I .c c) nc.li. 't :ic.ra 1 c l i .; r i bUt ':: L t:'i. ' 'f nc .t: :ic n a ri ci t h . :i Y.

::i :oiI:Ii. tciroina L mean val ue.s can I::ie cleir i. veoi. Ma.ny ri>r ac::t i ca 

, :i. t '.ua't i c::) r' war r an t ' he ssmt i n t; hat. t these ii. at t i. ut ;:i. or' ar e

rae-siorlab::. l y a ppr¥ ox ima': ec:t tb)y ml.t 11 :i var' :i at; -e r'c'r ma :l c::i .".. ut i bu n:*.'n

ancid ir'i t='o'.. .. c;aoo te c:.b.jec:'t i ve aria'alys:i. foFc')Ymul.at:i.on assumes. a

par' t.: iC.l I a' 1ly o imp :l f.iir m

'r'i 't hL c-; c0:it ' c" Lmt 'ance:.; i f i wh : i. c:h I; he mul. t: i. var' :i.ate. $1 att :i 'ti.ca 

c:i :i $l' Y i. bu.'t i c:irino' *f *'t hFe f i e 1 cl vayr :i. ab:: 1 e !:Zari.r.. t b.. op asei; i f i ed ,

~a 1I;eYn t o i~vo arppr cX.ia~cshfo 't c) cti) ~c~...t '<i-.. rv ar a]. yo to sr ar amp c:I o..a. ][ '1 (!!.; ¥ ri a 't i v e a[:)p¥'oac :jee*:-.:t:oob ,' E'l i. v e.:, ra.aJ.;,.:-.~ L ,-:-: aTe e' m[.,)cy



gta iJ. ri, t he c ho :i. c:e ' f" 3 a t e hr :i .q ii . i. 1 . c:-.:J.crJ:: onrc wc hat aL'suLmF:t .iosT . :n

can res.:onab] Im.>, be made:-:. about bouCnI Tidary I .o:rcri cit:i.: or1ns o'n the var ial3:le.,

l"or' t he eq e:j. c3rl wi.t;h:i. nrl wh i h i.t i. s o''dr c..:'rc- , arid ch'aract; l; i. ti.

cof its sp atial 'var Labili.t>', "fhe .n .. on-stat 1isti cal alt ernrati veys

wL i. h :'cth W i. 1. bh-e c it t ed i. n thi. s art i. c. l. e are re Fe r e d t ;3 1L e ti; :i. ve:lI.

as e.mp I ~i~ .cal i1.nt er, po"tIo e r is I her e are several 1 * eachi
s !.m..R.;. .. :..!.... ... ... .. .].!.!::...`.R!.:... ....... l....j.... L .;..:.!;.... . . r;.L.. .. !..:ll: :?.....:..." .... e'.. a'r e s .-.:...r. ...h

wilt [h adcivanrt aes : u'nel:: t o sp::ec :i. 'F :[ o:s3.,: va s t o'r'c charac:::.eri s.:t i :s arid

r ecu.:i. r.emernts: 'F c:r the es.t :i.mated eFi.e lc i. lL. share the ci :i.sard.t aqie

t hat noc aria 1->s is alugo Jr:ithm clan i:ut 3 eytcir Ym t hes;al siica:*t hla~ rs f*:6A.! .~.. ..~.~ .<:~..~!.>::~ `~s......- .L ?.X.5 3 f :r..;.:l,!~. bt, .1m......%f.:,,'t,.? ,.,.,;.?..l...;.... ...R..:', .:. . ...: .. .:s . .. :..: . ...I. . ... .. .. ...

b ye ara t fn c .:5. r c L. ml s a r c inj thi.c t h5 att er, Isa

I L :1: Opt ima]. Stat ist ical Obta j ec -l; ive Analysis

e1r- e t' he urincer 1 yin: ass:,umt t1c3r. i.s ; hat t; he F amily oF mul ]. l;i var i ate

st a-t :i s i; :i. c: a ]C. s.Y : L. s r ' : bLi t i n s 'fI or' t; he f i e 1. d var i a h ]. e ar'e known a ri c / or

that t he si tuat :i. onr wa rr ant s t he assu.mpt i. on -I; hat t hey are

re' .:as'::3riab '.. y a ppr o x :i. mat; ecd t- by mu l. tl i. vara :i. at e c'or ma L i . s ' i r bL i ;c:3ns t OY

wtich c.'h we have unti.ta.seci mod,:::ield.1 for t he( me.ran vec::Ir.s .. In ;his c :a.. ,cae

*t he p:3t;:i. :ma : est :i. mat ':'r Fci:nr 't he aria . s :i s i. rc:remeriT;'" , 'nam(e ] .y frcr

t he (::] i ffer erefice el; tween1 t he 1 oca'at i on spec :i. F :i c. vaL u.ie andl t he

moce]. 1 eci me a -ri a ,. ue i s a we i. ghte ]. i. Irnear c.::3mb . ria; i.' r o'f

cibser vat :i L: ri cremer' t s ' The Il. atL t er are dcler :i ved from t he

o:bse-r vat :i. co3rs y cl i. Ffe eri:' :i ri t hem .il; h cecr r esp'orn i inri mocie.. LLecI

means I"hus *deot-::i:: eser ,:ved.c valy ues :: L ,I , a , anrdl

8



t; he model I. ad mean values fc2 Z4 c:i eact ;[cdi pi r. nt -c:: f-

estimail; te 0 and the m Iobse'v):i-r-; lo:[.in, rTS -specite 1ie].y ; the

obc-t;ir.a :i. e ala].:i. s. :i. thm gernerat es pc :i. nit es't:i. matees

A 

Zo -- :8?+ w,, - -Z -z0

'The c oe::"Ff i.c:.enrts, whicc;h p:¥r :iv e the w. :i. ihtL bear a d:i.e- c.t and

s:i. mp:l. f :. rel] at i onsh :i. p I; 1:he c:ac.cv a par. a '.mete-.'rs of the norc rmal.

(:il s t :ibut i ton f.lrU-iCt ).n. Withi c:u:le 1c:ai ,:c:'.:l::: t:: i dcn¥t :i. fy:Lng t he

l.ociat:i.s ' ':: e hva-i'a[::.:t a1 to wh:i. ch eac-h .ca]:a cov .Jar :.a.:e 

pert a :i.n' , t' hte [:et wear.-c-.ob,-erv- :i n: - - t cda.'alt i onc ccvar- :I anc;e ayr a may LY::e-

wr :i. t te.ri as

anl t:: ;he a-r¥ay wh:se ent; :i. es are the covaiar:i.arn:es Lt::LetiJeenF thie

va lu. ues of the var lI abl e at the po i. nt --cf -'..1i. mate anci a t ;he

.cc:a t; i. ors o:f: obser vat; .lo'n. as. 

0 0 t T. 1 1 * O y . ) h

W;i th l'l;h.E Tio'Lat'ilolr the a-ary cf wei.fjht'.7 for the analysis

i. n::.'r emer't s j. s :i. ven ye

W t-0 -·

AIs; a ''h1c!-at:i.ca] 1formul..at:ic rin, (.1.) andi )cie:sc;'ri.:i.e the u:l.t;:i. mate

ohb ject :i. ve anayl ys j s"

: 'r" ::r a t i c:;e p t he 'Fc)r miu ]. at :i. onl r equ.' I r es sp::ec:i. 'f :i cat; i. o:'nf .:f t he

c;ova'r.'ianc:;: e struY'uctur'e . wh.ic;h mu.s.t; itse: lf be estl imated, tI c'-rea'le a.



wo'r k i ng , opt :i. im a 1 -t at i. ssl; i. :::;a L Ct: i jec: t :i. ve a.na 1 ys , ( s SCIA ) ab ! 'ir :i. 1; hm..

1'l :i. 's a t' t h :i. .s f::.c:i J. rnt: 1t;ha t " opt :i ma . " l a kes n :i. t , pr a. ct; Ji. c a. .

ocrlr'i':t; at' :[ o anr:d :L the cepnFd.c.eric.e f t ihe accf:uY acy r" t he ara 1 ys i. 

orn tthc 'rF::'r. snl;' ' of the c:atova'ricf'.i::e ttsl'r:;l.l; u a ur . n.a.;":s, cerit rE' ].

im.p[a! ;'rt'.r:o A .ss tlhe wo Y'rd :.al ::.qcts ca..yara:t,:. ;:.i..anC:'s.:: , a inl'easi-.e ..afa t he

ast r en' t:; h oCF tthe e ra1 t : rio n hi Fp t .:et.en t he ar i a t:i :i. i t, i. es C.: f

:i. nr a::'men;l t, a 'at c:i. fFe'r enf a cant ; ic::t i,:; ari. l : e'c' Y . r .t a t i n :n

:c:r m'lnes t: tha e ::. hihts as ssicned . obr o l::)...itsc' ;i :::: emr:; i -::,fOA..

h'ul.s. if l.ha. as iri o ::..:::va rlance va].L.vles are nolt re'::raese.,';attive a:o f

the t rue ast atisat :i. cfa re ] at i: r 'lsh:i pa: o:F th Ie fine end't .F:: ci e , the

we i cjiht s and t: herefore a the ana lys):,.s w. :i.1 1 :. e . aess. t han cp3t: :i mal 

Co'ns :i. c:derab].e Y esear ch t"has bt:een cdevot' cade t: ci .d , at ior'on anld S.t; Ludy oC:F

t he pr:oTe:ri : es of covaYa ri a u ianc ofanct icF- I;':o~ he rTar::rs ni; a :[J'o o F

spFa t:ia]. cI a' :i .a'r ::a:a r .,u.t ,ll e.c. Soe of t: h i. s wor k has st; art ed. from::m

f ir, s; pr Yi noi:ni;:. pes , :l n lh fol] lljow,:D .s.e1r, . 'T'I"he disc'rep:ancy p:a;Dtweea

an ob::,.searveci f i. e I. ci aric an uinb :i ased modJe 11 ed mean F:i. elc 1 :i. s

deSo:: Le:i. bed as a spt:at ia].y a1.c.:: -:,,heyerit st 'chast i oc:.p fo'r which

t' hae covar i. an:e Fu.no::t; :i. or may b::e cier i. ved ana y. :t i a 1 Ly from t he

~~~~~~~~~~~~~~~~~~~... ....._ ..... . ...:.~ .....9..% :.. .. '... .... '....: 'spFat :i.a]. anria.: ocl.ue o.af a t"r yLe. ta:.t1 (,,,~]"C,,,'g. , 'rel::fe'-:entla'i.i. on for' a tlim.

sear i as ;e 1 a-ect :ic, .n. of the orciler C::)f the au. .t. c.JreaYs :.": 

r a:. eset.at; :i ori1 anld ass il .cnment ci fa y]. le.. t.:J t he p:arameteYs; c:F t he

c.'.va rU.ai a atu:.:. fu":i. ot i l Ye .. re r es,: C .ir s ca'mpa.r ti t. Ve f ci t ;: iao c" : a C ri i:i da l:a t e

f.n. ' C:taiC' t:;c) an arraay of c:v:''iaraices c:.ompu:aecd f:fr'cr.m c:latra, t'oget her

w :i.th S.t: ucd:y c: F i.: mp):i c ;it p:r apar:lt:i e2s cof the'se f'r '::.'i.c.n:s :ver su.s kricmwri

oCr t'hecrYeat ic~al . pYr':oF)eYrt, ies of the i2'ncre ment; F:[el:l.. "I"hes se

dier i tva:t i c.'ln-s e.astme ast at 'l ri. :ia. i. t y oC t he ast at i .at 21 c. a opt:. Jer t :i. es.. of

1. C)



t'; he :';iri::r.emerit;- fi.a " cian ' ...t,:ri . a'r ext.r.sJ (.. c;h :I. ve F :ob:ser va' t : :: , .:ic.l fr (:m

a F i. xe::i a¥r'ray.

IV. Kriging

I n c:; ir c;L.msi:-l;anc;e :: i * n hi ch l Le ino:remeont l :i. e :t. i :. knovicr, tl to e

-d;tat;:i.st ic:':;ally nc:n-stlatlionarry o'r for whh:dc-h an arc;hivi., of

ot:s::..-r v at::i.,:L's .o iss no':l; aJaii].a bl .e 'to:. . i.de p ti i c: anf::;:e f o s. e .e c;L::i '. a

r¥b ee'eritnl: a't i oni Fo:r t he bet weenv- 1 oc: at i ocn ,.'c::var i anrces tf aria .:ys :i. -:-

ino.r'emein'tsSC. c. an'nc. t t::be uO..sed anid arn a:I.lser'a't:i.1ye tec. hn:i.lque

mus.t be se e.l; t edt .

f'ire prc.rac;ti.cal allt;ernat :i ve wh:iich has boeer dove]1oped anrid u.se

ex'l;ens. inve l.. :1. n a nrumbter o: F natL;u.'r a l. arilnd soc:ial so;:i. enoe s.ti;',i. nigs,

:i.s Kr i.- -i.. The t;er'm is* ci:i de'eied fr'::om the name KT. i ge. 'lhe man t, ci

w hornc .. HMat LerYc'i asor: i. Les :[ t ~s :i. ns: i rat:L ona :1 use in the Fi e : C of

geo l og>y.. ' T'h i.S h s echri:i. h . e was develeoped to pcod . :e oest:i. mat e f:: f

v.a 1.: ues cO f s:p al; :i a p' r o:ese c over a a'ecicir a:p h :i. c; o re i o i w :i. 1:; h a

ring le set; of data ava:ila::Lle Fr'nom a samp1:)rig array, Ct i*s: a

mu].i'.:i. s:;agoe p'rc;eclur'e whi th f:i oh t: r's't F:it. s a 't:iencJr .'f:ac:;e t Co t he

data t hen est imates the cc;var :iac>;:.[ str'u.,t u'r'e o tf t he res :i dual

f'i el.t l::i r om t he li f:'Fr en::es bet; , t h cbserc vat:i: ori arid t the

ft t t ec: sur-. fac;e, anid f i. a y cna 'c' : rrec..E t he pt n-t pDred :i. (:;t :iL o's o'F t he

.t.'e ri ci sur 'f a;e Li a ::7o ori st r a :. nec mi ..I. Lvar:i. ar ite : it er' po 1a'::Lrl a.o ' tF: he

ob)servec: te :i dua 1 ;.

1. I



'The trei1d sturfac..e : c:.f.al:;: r's u-t ctcf b:y F i ; t;t:. a i. :i. rnear c;nmb:i. nat :i. oa n

c F b<s.Ris Ftir1nictiiris tos) tc) tile tLasamp c alat a in m; ha marinrnr rf a

'rc.ge,'-: s. Scn ana.. as : : :. : > :: ,, Thu, t he ci.,e :f f :i. c:i. rrt s , ar e deaetrm :i ne cd

tiy minim:izi:n.: n he hsum oF .Sua :a ci. -ffe'ra:ncaes at...r thaan .t 'ha surface

arl-id t; he cibser va.Je.::i va tl ue::

n~

Wt.,Jhe'e , , -., .. ,u Sm areh t;h: lci:;at i 'rrs c: F t;he L bsie¥'var :v t;i. : c:-n.

w h :i. s p r c i. : es 'i 1; r e. : ds.lr r a ; i mat a1 , 

Z~--. J
£2

Nh:ic:lh ma ':i evalIuate:d at; arny pc.:int: of t:he re::i onr.. In Kr:i.g:i.n

t;hi : s :i.s fr equa. er; a > ;Y re"Far r:: tr q -s the "ci'r :1 It aidc: i. s s.cmetw hat

anria l1. c:,q ti, J to t:he rcol. f c t he mocien llead mean F:i1.e. ci c F OS)O; .. Anr

i. mpor't; at., da paY, t ur a fr m 'iA .i, iss t he aCc;miMc:loJa t i crn madce Tfr t he

b:i.asr I:nres'entr : in ml ). S:i.ricae t;he m:i.ri:[m:izat'ic. n wLh:i c f::iar'amt;ear :i.ze:s

t' h F ' l 'tec:l :- I. ur f a " d.::i.s naot : uar an : t a: :i t s uni1 asdLia....s .:- Kr :[t gi ni g

c:.:cnst ra :i. nis t Lhe we i. ht;, s ':i tF he 1 i:i.near :i. rt ar r:ic :i.c1 1 n ':F r as i. du.a 1

'; si tm 'i; .r i 1; ty.

"Ihe reas:1ic.lu.ila ts, rnama.ely> 't' fiil'ea''ils' ['t'e', h 's a'rit' · abeth tre 'rid

sur face and tLi he dat a t c:, whi:L;h i.t has been Fti i t ted , are. r 'e:arcadec as

mu. l i. ,ar :i. at a: renci ma:l. var :i. ab L es W i t h a st at :. .cinar y ...s r . .. 

ThIu.s t L;h mean , wihiclah :is -L.- he Li:i.as b I.n t:he f:il-:Ltd.' sur... Faca, anri

tle varianrl::;e 0'2 ar-. aas.su.. mlad t;) e bar:;ir's;arit if.:v"er tlhe re'(-:.i'r.

W i. ti t I he Fur t her assumpt i can tL hat he ::r'r a 1. at :1 cin e; ,,.waari

vaYr i a::l.e .:is at: sepT a't; e 1 ::;at: :i:ris :[s a Fun i c;ti.cr: of s:ca. ar

1. 2..



c:i.sp: aac...mernt (1 n l),I :i . c: h app'r oa :-h,'B z e w' a i. th :i. nc ea' i rig

sa.;p-ari atl :Lin * ,.C:oVlaY' :L anc:£ea.; may be tr i- t ,:en a.

cr j: = {cll) , i = I.

W:i.th t;he cLi ons' ' L a t;ra'int; of' ha.":ir r '::Ir .y anie c')' ser vat :i.ciri a't aa ah

.c:a:at :i. on' ;:h.e re:qu :i. r emerit fI:: a r e o h;[ avr:::.' -t;hf::. a t::ctcvariainc:.e'-

F f::)Y i. r al'r :o 1 ].a1:i. o ) r F ro ': i: .: d : 1:i.]. 5 t;o c :o tc :.:; pa.rt' r adr c :i.:'t;:iors af:

t he ie ,rf a.ce : ii s..'a at; a is l-"i. e cv rarct:J; > .r a. .r.. t. ar am.. F c'Y,

i]. u.tr at; i. fn we .. a ( a ' r':t; e ; he r e fa:i.c dual L s 5, so t hat

'(s r-.(i) - :zL = .i. - ..,

W, i. h th:ix nc';:i.L on ar:id the t lhaorec:: i. ri aa..s.mp:::.l:; n abc)ul.::t the

l:ii.BYi3ti. . bu l i. c'::f the r es: i. ciua l. a. :i.t 1fo].l]w....t t h;at ; the eax :et:ct ea va :l ue

c:F a . i . F erc; S a ' *arelr a a i dc.. a 1aari].: be wr :i t t ri i. :.' rm

c: r he ,L..var i. arc:.e an::i t'h Cl a e l. at; : i. at' r] f:.V': t; i. :.ctr ia r a "' ::

E{[.Y¥ o {- (j)] [(¥)_][.(1_ ] 22 -"(:,(,,) ].
Liua~ '> t Li.e expect:d:::; .:val.u(le o DF" [Y(o f _ -'y(t ,] / i .S: [" : e " S _] 

S;:i.n'::;e ('l! J i.s 1. at ze¥'o ser::arat;:i.o'ir arnc: af::fr'c:ac. heBas O at l1 ] .arge

,sr.ra'l:ii inri.a * a p]:.oat cof [y(s {.-y " j)2/ 2 �a ainst; tlLhe ,:i:i.t:ana:es

bet(;.-wear' b v::e' 'rib..e cl.- al::ati.cf foS : l-,1 may be F:i.lttetl ci.i. t:htL a

::t.tron:::w;i:i . on s(ll' tJ,,hoe aay-::-mpr:;ta:t: a[:rvc:i. I:,isa ari est :i. mafe a 'F 'l;e

var :i. an:: e 2- anrc! w.Lc::se nor)ma].i.ze .d va]l.ueas p:,::rvck:.i.,.ci a

rae-s.raant at3 l cinifa athe c-f:rr elatainr functi- rl:an
· " £ pr['~~:-.er'':;1': i.oT'~' : :) - " I; _ .c :)'¥(:. : ';j ::)F [ t.,t'r)/ 2.':t [ ' .

1 ..*



V. Empirical Inteyrp:olation "Tleclhniques

Sa It a :L. ciIt :i. n.:i. ty o F th ,e variables fro)ry whi chi anial yse fi.s::. are

c:;o:rnst r L.ct;ted :i.s :: tasi.c. tl:: spTat:.i.a]. o:jct :. v e ari'a1.ys :i. s, I"':1ie ve'r

havi .i n su. ff ci.:::1. ernt k"~ , ].i edge a F t h[e pr ':pse'i;:i. ess t: tI: he ,-. f::;ht. t:Ic:

elemernt s c:f t he chbsserveci f:i e:1ci fc3r a st at :st :i.aJ. c:i. oject: . ve

aria l.. ysi s i:s r t a rq :; - r.. ':e: : fc: 1he const r u.::;tin oiflo a

sp:at i a i 'x1] .y co:t :3i. c'nuos est :i. tmat ed' F i e i f o' t he r eh::i. cn FY Om wh i. :; h

ohbser vat:i. ons. are cLLit a i .ned . Ier c: Y Ir c;iums t arices:I rin wh ich i. l; is

unr easconat3 ]. e t C: make e x a p .:i.c;i.t assumpt :1;i. clS can:c'erc i :i. rig e :il t heIr tihe

cleF init:i. on ci f a mear F i e 1. c :3r the f' c: m C3 t he os; at:.t; :i. s a].

C :i. st; r i. ut IUti on :f o b sser vecd 'r es :i. d ua l s Fr c'om a cle f i neied mean f ;i. e l. ci,

Cat her opt :ions are ava ilal Le..,,

A]. 1t erna t i. vse s t c:, sta t i. stl; :l c:a .1 3 .bject .v e ana 1 y s ;i: s are ref errecd t C:3

he're a.<s .~f t.L~E.l:r!-- ......... ; .. r...l.: f.:!.t:~2. :.:...;.... .... ........ . . :.h.. .r...::... .. . ..s. .e.e. .i.cl.e

a ) dbi.Pt ar';e-weigjht eci iter pc ' pat :icr , L ) s::)1 ine f Lit f ; iring, an::i

c:. ) 'l'unt ia . r a.'s fitI:t;: si;i.n. fl, ihe armea1 apF::ea'anc:e .CF t'hi e 'F:i rsst

:33n t hi s 1 :i l si. s i ke t hal; o f:3 a st at; i stit :n. ca :3oject;i. vsr a .I ys is:

1l cw ev s 'r1 he c:::e f F i c: i. o it wI I[ i : i. 3: ; ass [:I a l w ] ] l'ss I ' ' ] l l Ci w ' at c V ]r v e:c va (. u e s

c:3 f' the a aria:.: si.s :. riet emecnts are Furniat:ion:-~s 'nn .1 / t he [idi st' aritsses

bet: weer t he p: :1i. at -i - .- est; :i. mat e arind il; hie I. oc:ia; :i. cn:s C of'f t he

ohbser vaioi:ais, 'T'hey i O cic not take i ntl: acc;c:;i.il' t he relatlive

]. C:3C:;ati t. os C:3 F ; he oo:ti s e r ?-.ssr cv:rs , anid (;'fs.Cll.e-'lrt .l a]"-.r e liot ac ]. 

't: ac:i jus..':t he aria lysis t:i F r he c:o:mmunla 1 :': cy :F :i. rn fcrmati: :-ln ::iro ought

by f :hs:er vat :i. c:. :.: aFmr l ::. 1 x i ma :. ]. o:ic:;at :L c:ris. c netL h[e I es. x :s
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: ni ci. ¥' cumst:; ance:rsr i. n wh:i C.l ch iseYq. vat :i. cins are Ia J. r I.y uln :. ficy m l y

s.pai:cecd :in trhe Y egi:nir ocF t h aria:L' s i s arci whren t he c:ocvar:i. arnce.

.stL: Y' L.C:'.'..r' I.¥he o-' '; t'le . ] :i.Si :i .nc.¥em erits i :. .rlct kric:.Jn t h :i .s t ec:: hir:i. u. e

may pr ::v imd-e r'eascorab e es'[' : n mat.es.

Stp~.:i.re 'Fi.';ti;ri.' has Lie coome a sc-:it.'ril; i. F:i.cc a'rt: ri recerit eears.,

.1. t; :is a s..oc, La. case sof "fun't: :ici on su.r fac.,e F:i t t iri':." :in rwh:i. ch

sever a 1.d :i. me'ns :i cuna 1 po :. yriom :i. a ]1 s at' e f :i. t t; ed to cdat a lwi. t; h :i. n

su. ibT'Jri.g itns, rhe p]c.lYnom:isl]..8 have Feowoer p.ar-ametlers:. t;han the

rT.lmLe¥' o'F "oL::)f' erval : i.: :::,rvi[ rins , so t ht ' they per rf fom a s.moot hi::i. ng i r ::! Te as,..

we:1.:1. as diata fi':l tt i:rig , anrci 1; hey are mat c:hecl::i at .hite Lieu. r:i.iri es oF

t; he osU.tli e :i c.:ris F'or c:.c:ri"t; i riL.. i.1:; y ,. Cc".i:nt r 'i 3. f'"or "exc:.:tJr as i. cris" i:i F t he

p .ece.. w i.so c::i. nuil.ios'.. r Fac;e Liey:rid r eas::ria:t .e 1 .i. m i t s c: T1 he

var i. a::i. ]. 1i. tly o F t;he aria :l. y ze:d F:i. e:. :i. s ach :i. eye.:: iy putl;', i. ricg ; he

s.p:) li.rne "under 1teros icn". S[:. 1 ine su.rfac;e f:'! :io. lFtin: has c.c:si cie-r aL-. :e

f .ex:i:i. ]. : i.- l y Fcir. tu.ij. r "-t lhe sur face tC: mat (:c:; 1. t; heor el:;a].

proFpeir':i.es cir r'espcinise t1: orciegrvi:phy> How.oeerv i.' reqtu. .¥es;

c:;:ins :i. cier ab. e i. ns :i.q ithl anid att ':erit :i. on - c:i mat hemat: :i. ca . arid f:,hys:i. c.a .

dea:i; a :L , anrid :i. ike all]. ci:ristl: c;t tens' made L't" i.[: * :i.n.1g fL.ric'l; : tc)ns to

dat a a t: he r esu . t i. ng ana s i s a ]. lysc:r :i. l: hm c ariricit l;e uisedi f:ir

est i. ma t i. c n Ioeynci t he r e : i.r (" f'" l; hie cbDser vat i n.-.sn w i; th chi :'[' F i derice

:i. t he result. 

F'Lrlc;t'i. orl L sLrfacee F f ti.tt;:rigns has tb:eeni ciUris i:iis der ed: : ri. c:ut i.ne, as t'he

fi'r-st s-:tep c':) of Krj. g:iTri'g ri. wthich.c:h a "t:rernc1 su.rFface" is cbt[ai nec:i biy

c: hc:.::i. rio t hie paar amet: er',:s for a 1 :i.near comb::inriat; :Lri c' F L:asis

Fu:.nct,::;: :i .ls1 be t: hcse ,h:[ c. h.i m:i.n i.m:i. ze t he sum C)F i t; s sc:uar ec::

cieF::ar't u-r es Fr c'm 't he o.L.:ser vat: :L oris . Bas :i .s Furic:t i. cl::ini s may t::e

.. 5.



se l. ec- t; e:..:i t C sa t: a i. sf':: :. Mp 1 :,. c: t; spect: r a ]. F:r o::rpe¥ t i es f' om . F: h s i. c:a 1

theory or an anta].ogt.e F ::ie1.c:; o'r lh.ey may be .set.s of c-r t ;hogon]cra 1

fluri':t :i. cr , ,se. ]. ect: l: f ro t; he ie r so i t; ab i 1 : t y as st t i st : c::a 

d:i. agnosl :ic: :. Cf t hhe analyy z e, -Fi e .1 U J Rec:enr ].:i. ;eral uare on t;rhis

sab Ijeat..; is extenrs :i. in it;,s tr ¥eat; ment o f hot: ':; he t hec.ry, of

fonc:'; :[I o .n s.rY face fi : I t i rig and i I: g ,h sr::eedc c:om.l: t cer thc:h i.g huoe for

ci at; a ft :. ' [ t: : n .
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